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Abstract. We apply V. Lafforgue's techniques to establish property (RD) for 
cocompact lattices in a finite product of rank one Lie groups with Lie groups 
whose restricted root system is of type A2 ■ 



We recall that a length function on a discrete group F is a function £ : T ^ R^. 

pH I such that the neutral element is mapped to zero, and such that £(7) ~ £(7^^), 

P^ ' ^{llA ^ ^(7) + ^(m) for s-iiy 7jM G r. A discrete group V is said to have property 

(-H , (RD) with respect to £ if there exists a polynomial P such that for any r G R+ and 

/ € Cr supported on elements of length shorter than r the following inequality 

holds: 

11/11* <^MII/I|2 

where ||/||* denotes the operator norm of / acting by left convolution on £'^{T), 
and II/II2 the usual £'^ norm. Property (RD) has been first established for free 
groups by Haagerup in jj], but introduced and studied by P. Jolissaint in Q], who 
^— V I established it for classical hyperbolic groups. The extension to Gromov hyperbolic 

f^ i groups is due to P. de la Harpe in (5). Providing the first examples of higher 

t^^ I rank groups, J. Ramagge, G. Robertson and T. Steger in |1^ proved that property 

^^ ' (R-D) holds for discrete groups acting freely on the vertices of an Ai x Ai or A2 

building and recently V. Lafforgue did it for cocompact lattices in SL^CR.) and 
SL3{C) in ||]. A conjecture, due to A. Valette, see [Q claims that property (RD) 
1^ I holds for any discrete group acting isometrically, properly and cocompactly either 

C^ • on a Riemannian symmetric space or on an affine building. Property (RD) is 

important in the context of Baum-Connes conjecture, precisely, V. Lafforgue in p] 
proved that for "good" groups having property (RD), the Baum-Connes conjecture 
without coefficients holds. 

In this article we establish property (RD) for discrete cocompact subgroups F of 



> 

X. 

JH , a finite product of type 

•^ ' Iso(A'i) X ••• xIso(A'„) 

where the Xi's are either Gromov hyperbolic spaces, buildings associated to SL^iF) 
(for F a non-archimedian locally compact field) , or symmetric spaces associated to 
Lie groups whose restricted root system is of type A2 (those are known to be locally 
isomorphic to SL^CR), SL3{C), SL3(H.) and i?6(-26)j see g). In particular, this 
immediately implies the following 

Theorem 0.1. Any cocompact lattice in 

G = Gi X • • • X G„ 

has property (RD), where the Gi 's are either rank one Lie groups, 5X3 (R), SL^(C), 
SL3(H) orE(i(_2(i). 

To establish this result, we will first answer (positively) a question posed by V. 
Lafforgue in H , which was to know whether his Lemmas 3.5 and 3.7 are still true for 
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2 INDIRA CHATTERJI 

the groups SL3(H.) and i?6(-26)j whose associated symmetrie spaces have also flats 
of type A2 ■ Observing that these lemmas are in fact "three points conditions" it will 
be enough to prove that if X denotes S L^CH.) / SUsCH) or £^6(-26)/-f4(-52) then for 
any three points in X there exists a totally geodesic embedding of SL3{C)/SU3{C) 
containing those three points. Secondly we will explain how to use the techniques 
used in [^ and Q for the above described products. This provides many new 
examples of groups with property (RD), such as irreducible cocompact lattices in 
SL^iR) X SL^CR). 

Finally we remark that combining our result with V. Lafforgue's crucial theorem 
in M yields the following 

Corollary 0.2. The Baum-Connes conjecture without coefficients (see [y_3|j holds 
for any cocompact lattice in 

G = Gi X • • • X G„ 

where the Gi's are either rank one Lie groups, SL^CR), SL^^C), 5*^3(11) or 

-£^6(-26)- 

It is a pleasure to thank my thesis advisor A. Valette for suggesting me this 
problem and for all his generous help. I must also thank V. Lafforgue for graciously 
explaining the methods of iM and S to me. I am also extremely indebted to D. 
AUcock and G. Prasad for important discussions on the exceptional group i?6(-26)- 

1. The case of SLsCH). 

We will write H for Hamilton's Quaternion algebra, which is a 4 dimensional 
vector space over R, whose basis is given by the elements 1, i,j and k, satisfying 

i^ = f ^ k"^ ^ -I, ij = k, ki^ j , jk = i. 

This is an associative division algebra endowed with an involution h i-^ h which is 
the identity over 1, and minus the identity over i,j and k. A norm on H can be 
given by \h\ — vhh £ R+. A quaternion will be called a unit if of norm one, real 
if lying in span{l} and imaginary if lying in spanll}-*- (for the scalar product of 
R*^ which turns the above described basis in an orthonormal basis). Note that an 
imaginary unit has square —1. The following lemma is obvious: 

Lemma 1.1. Any element h CzH is contained in a commutative subfield o/H. 

D 

Definition 1.2. Denote by / the identity matrix in Af3(C), and 

we write 

M3(H) = {M e M(i{C) such that JMJ-^ = M} 

SL^iU) = {M e Af3(H) such that det(Af) = 1} 

SUsiH) = {M e SLsili) such that MM* = M*M = /}. 

Remark 1.3. 1) Given any imaginary unit /i e H, we can write H = C Cfi, 
and thus decompose any h £ H as h — hi + /12/i, with hi,h2 E C. Similarly, 
any 3x3 matrix M with coefficients in H can be written M — Mi + M2H, with 
Mi,M2 G M3(C). The *-homomorphism 

Ml -m; 

M2 Ml 
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gives then an isomorphism between the algebra of 3 x 3 matrices with coefficients 
in H (and usual multiplication) and M3(H) as just defined. It is a straightforward 
computation to see that elements of type 

(' 

rA= 
V 

with A a unit in H actually belong to SU^CH.). 

Definition 1.4. Let K denote R, C or H. We set 

Xk - SL3{K)/SU3iK). 
It will be convenient for us to choose 

{M e SL3{K) such that M* = M, M positive} 
as a model for Xk- On Xk we consider the action of SL^CK) given by: 

SL3{K)xX-K ^ Xk 

{g,z) ^ g{z)^{gz^g*f'\ 

This action is transitive since for M S Xk, setting g ~ M we get that g{I) = M. 
Moreover the stabilizer of / is clearly SU^i}^). We equip Xk with the distance 

di^{x,y) =log||a;"^y|| + log ||y"ia;||. 

where || || denotes the operator norm on 5X3 (K) acting on K'^. Notice that for 
a e Xk a diagonal matrix (thus real), if we assume that 

/ e"i \ 
a = e"^ with ai > a2 > a^ and ai + a2 + 0^3 = 

V e"^ / 

we get that dj^^a,!) — ai — a^. Denote by A the set of all diagonal matrices in 
Xk- To stick with the classical terminology, we will call flats the sets of type g{A) 
ioi a g & SLsiK). 

Remark 1.5. The action of SL^CK) on Xk is by isometrics with respect to the 
above given distance (in other words, the distance is S'L3(K)-invariant): For x,y £ 
Xk., we have to show that the operator norm of x~^y is equal to that of z = 
9{y)-'9{^) = {9x^9*)-^'\9V^9*Y'^- But for any fci,fc2 G SU^iK), \\z\\ = ||fcizfc2||, 
so setting fci — igx)^^{gx^g*y/^ and k2 — {gy^g*)^^^^gy^ we get that kizk2 — 
x~^y. Notice that for g e SL^iK), the standard action z 1^ gzg* is not isometric. 
Indeed, the operator norm is in general not invariant by conjugation by g unless 
5 = fc G 5C/3(K), and in that case k(z) = {kz^k*)^'"^ = {kzk*kzk*f/'^ = kzk* . 

Lemma 1.6. Let (/s : C — > H 6e an isometric injective ring homomorphism. It 
induces a group homomorphism 

if* : SL^iC) ^ 5'L3(H) 

which induces a totally geodesic isometric embedding 

Tp : Xc -^ ^H- 



Proof. That Lp* is a homomorphism is clear in view of Remark 1.3, so let us now 
show that Tp is an isometry. Since SL^iiC) acts transitively and by isometrics on 
Xc, it will be enough to show that 

dii(jp{x),I) = dc{x,I) 
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for any x e Xc- Noticing that ip* {SU3{C)) C SU^iii-) we deduce that for any g e 
SL3{C), Tp{g{x)) = ip*{g) ijp{x)). Now, for x e Xc, there exists k e SUz{C) such 
that k{x) = a is diagonal with positive coefficients. Since 1^9 is a ring homomorphism, 
it is the identity over the real numbers and so: 

dc{x,I) - dc{k{x),k{I))=dc{aJ)^dii{a,I) 

= dH{^*{k*){a),^*{k*){I))^dHmk*{a)),I) 
= dniifix),!). 

Let us now prove that the embedding is totally geodesic. Take x, y in the image 
of Ip, so that X = Tp{x') and y — Tp{y') for x',y' £ Xc- There is a g £ SLs{C) 
so that x' ~ g[I) and y' — g{a) for a £ A. Then x — Tp{g{I)) — ip*{g)[I) and 
y — Tp[g{a)) — ip*{g)[a). Since A is obviously in the image of Tp, so will ^p*{g){A) 
be (that is, the whole flat containing x and y is in the image of the embedding). 
Since a geodesic 7 between x and y lies in any flat containing them, we conclude 
that 7 C (^* (g) ( A) c Tp{Xc ) ■ D 

Remark 1.7. Any element of Xn can be diagonalized using elements of type 7^ 
(described in Remark [Uj ) and of 6*03 (R). Indeed, take z = (zy) £ Xh, then 
z' = Th(z) with h — z\il\z\i\ verifies that z'^ £ R for z, j = 1, 2 (in case Z12 = 0, or 
if it lies in R we can just skip this step). Take k £ SO^^^^ diagonalizing the 2x2 
matrix (z^,) i,j — 1,2. Then 




with z'l^ , z'22 , ^33 £ R. Repeating this argument twice we get the diagonalization. 

The above given argument shows that the subgroup of 5*^3(11) generated by the 
Th's and 5X3 (R) acts transitively on Xu- Since the 7/i's and 6*03 (R) do stabilize 
/, we can conclude that SL^CH) is generated by elements of type T^ and 5X3 (R). 

Proposition 1.8. For any three points in Xn there is a totally geodesic embedding 
of Xc containing those three points. 

Proof. Let x,y,z £ Xh. Up to multiplication by an element of SL^itl) (which is 
an isometry) , we can assume that x = I and y is a diagonal matrix (see the previous 
Remark). We write 

(^11 2:12 213 
'Z12 Z22 Z23 
^13 Z23 Z33 

with zii, Z22, -^33 £ R and Z12, 2:13 and Z23 in H. Consider the element 

^/ki2| 

k= \ 1 I e SUsiU), 

Z23/|Z23| 



then k{z) only has real elements except for fc(z)i3 = ^(0)31, and k{a) = a for any 



diagonal element a. Applying Lemma 1.1 to /c(z)i3, we get an embedding of C in 



H which contains A:(z)i3, and thus a totally geodesical embedding ip : Xc -^ Xu 
whose image contains x,y and z. D 
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2. The case of £'6(-26)- 

We will write O for the 8 dimensional algebra over R, whose basis is given by 
the elements eg, ei, . . . , ey, satisfying 

CiCo = eoCi = Bi, e| — — cq for alH = 1, . . . , 7 
CiCj = —ejBi if i y^ j and i,j^O 

6266 = 6364 = esey = Ci 

and all those one can deduce by cyclically permuting the indices from 1 to 7. This 
is a non-associative division algebra, endowed with an involution x i—> x which is 
the identity over eo, and minus the identity over e^, for alH = 1, . . . , 7. A norm on 
O can be given by \x\ — Vx^ € R+. The division algebra O is called the Cayley 
Octonions. An octonion will be called a unit if of norm one, real if lying in spanjeo} 
and imaginary if lying in spanjeo}^ (for the scalar product of R^ which turns the 
above described basis in an orthonormal basis). The following 

Theorem 2.1 (Artin, see [|ll| page 29). Any two elements of O are contained in 
an associative sub-division algebra ofO. 

will allow us to apply the arguments used in the previous section to i?6(-26)- 

We will now give a definition of i?6(-26) ; of a maximal compact subgroup F4(_52) , 
and of a model for Xq — ^6(-26)/-p4(-52)- This part is based on the work of H. 
Freudenthal, see Q and ||]. 

Definition 2.2. Denote by M3(0) the set of 3 x 3 matrices with coefficients on O. 
For M = (niij) G Af3(0) write M* = M — [rrlji). The exceptional Jordan algebra 
is given by 

J ^{M (^ A'h{0) such that M = M*} 
which is stable under the Jordan multiplication given by 

M-kN = -{MN + NM). 

H. Freudenthal defined an application 

det : J^ -^ R 

Ci 2:3 ^2 \ 3 

^3 6 a;i 1-^ £.iS,2^?,-C^^i\xi\^) + 2'^{xiX2X:i) 

X2 Xi ^3 / i=l 

(where 3? denotes the real part, and is well defined even without parenthesis), 
showed that 

-E'6(-26) — {9 '^ GL{J) such that detog — det}, 
and that 

Fi(-52) = {5 e £^6(-26) such that g{I) = /} 
is the automorphism group of Sf and is a maximal compact subgroup in -E6(-26)- 

Remarks 2.3. We will now explicitly show some elements of -E6(-26) (see |3| for 
the proofs of their belonging to £^6(-26))- 

1) Any element x of SL^i^) gives a map x : J -^ J hy M ^^ x{M) = xMx* 
which preserves the determinant. 

2) Let a be a unit in O, define 

1 

(fa = \ a 

0a 
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The map tpa '■ J —^ J , defined as ipai^M) — (paMipa (and no parenthesis are needed) 
is in £^6(-26): and even in i^4(-52)- 

3) H. Freudenthal proves (see g], page 40) that elements in J7 are diagonahzable 
by elements in -F4(_52), that the elements on the diagonal are uniquely determined 
up to permutation. 

Definition 2.4. We say that an element AI E J' is positive if after diagonalization 
it only has positive elements. We define 

-'^o = {M E 3 such that det(Af) — 1 and positive}. 

We let i?6(-26) act on Xq as follows: 



{g,M) ^ goM=.M\P) 

where (for M positive) \/M is an element Y in Xq satisfying Y i<Y = M, and 
well defined by requiring positivity. Notice that for k E ^^4(^52)7 we have that 
koM = k{M). 

Proposition 2.5. The group i?6(-26) <^cts transitively on Xo, and the stabilizer of 

I is i^4(-52)- 

Proof. Since k o I = k{I) = I, the stabilizer of / is F4(-52), and the action is 
transitive because given any M E Xo, there exists a k E F^_^2) such that koM = 
D is diagonal. Since det(M) = det {k{M)) = 1, the element D~^ defines an element 
in £'6(-26) (coming from SL^CR.)), and D^^ o D = I. D 

Remark 2.6. For any two elements M, N of Xq, there exists a g E £'6(-26) such 
that M ^ g o I and N ^ g o D where D is a diagonal matrix in Xo- Indeed, in 
the proof of the preceding proposition we saw that there exists an ft, g £'6(-26) with 
I = h o M, and that any matrix (and thus in particular h o N) is diagonahzable 
with elements of F4(-52)- We then choose k E i^4(-52) such that k{h o N) = D is 
diagonal, and set g — {kh)^^. 

Definition 2.7. For a diagonal element D in Xq, we set 

||D|| =max{dj|i = 1,2,3} 

where the dj's denote the elements in the diagonal of D. We equip Xo with the 
distance 

diM,N)^log\\D\\+\og\\D-'\\. 
for D as in the previous remark. It is well defined because of point 3) of Remark 



2.3 



Any embedding of H in O gives a decomposition O = H Hi (where £ is any unit 
in the orthogonal complement of the embedded copy of H in O), and we will now 
describe some other elements in F^_t^2) that will later be useful to embed SL^CH.) 
in £^6(-26) starting from an embedding of H in O. Given a unit h E H we define 
two maps 



th,Uh:0 -^ 




X ^ a + bi K^ th{x) = 


= ha + b£ 


Uhix) -- 


= a + {bh)i 
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and an element (that wc will later prove to belong to i^4(^52)) 

Th-.J ^ J 



a 


X3 


X2\ 




/ ^1 


thixa) 


th{x2) 


Xi 


6 


X, 


1-^ 


thixs) 


6 


Uh{xi) 


X2 


Xl 


6/ 




\ th{x2) 


Uh{xi) 


6 



Using that for x — a + M and y — c + d£, the product xy reads {ac—db) + {bc + da)£ 
(see |l2|), it is a direct computation to check that det oTh = det. 

Knowing that Th G i?6(-26)i it is pretty clear that Th{I) — I, and thus Th G 
i^4(_52). We will now, for any given embedding of H in O, define an explicit 
embedding of SL^iii) in £'6(-26)- 

Lemma 2.8. Let S denote the subgroup of -E6(-26) generated by elements of the 
type X £ 5^3 (R) and Th for h a unit in H as just described. Then S is isomorphic 
to 5L3(H). 

Proof. An embedding of H in O defines an embedding of Xh in J^ by taking the 
images in O of the coefficients of an element in X^. It will now be enough to see 
that the map 

p:S ^ 5L3(H) 

z i-> z\xu. 

is well defined and a group isomorphism. 

Remember that for h a unit in H we denoted by 7^ € SL^ (H) a diagonal matrix 
with h in the first place and I's in the second and third place. Now, notice (from 
the definition oi Th) that p{Th) = Th for any h a unit in H and that trivially, 
for X € 5X3 (R), p{x) € 5'i3(H). This shows that the image of p is contained in 
5^3 (H). The map p being a restriction, it is a group homomorphism. 

Our map p is clearly injective, and because of Remark [L.5| we know that p maps 
the generators of S onto those of SL^CH). D 

Proposition 2.9. For any three points in Xo there is a totally geodesic embedding 
of Xc containing those three points. 

Proof. Let x,y,z g ^o- Up to multiplication by an element of £^6(-26) (which is 
an isometry), we can assume that x = I and y is a diagonal matrix (use Remark 



2.6). We write 

(2:11 2:12 2:13 
^12 2:22 2:23 
^ ^ 2:33 

with ^11, 2;22j ^33 € R- a-nd ^12,^13 and 2:23 in O. Consider the element k = (pa 
where a = 'zr2/\zi2\ is a unit in O then k{z) only has real elements except for 
fc(z )i3 = fc(z)3i, and k(d) — d for any diagonal element in Xq. Applying Theorem 



2.1 to fc(z)i3 and A:(z)23, we get an embedding of H in O which contains k{z)i3 
and k{z)23, and thus an embedding Tp : ATh — > Xq whose image contains x, y and 
z, and which is isometric by definition of the distance on Xq. 

To see that the embedding is totally geodesic is basically the same argument as 



in the proof of Proposition 1.6: Take x^y in the image of ^, so that x = '^{x') 
and y = Tp{y') for x' ,y' £ Xc. There is a 5 e SL3{C) so that x' ~ g{I) and 
y' = g{a) for a € A. Now, the embedding Ip comes from an embedding (p* : 



SL^CH.) -^ £^6(-26) described in Lemma 2.S, so that x — ip{g{I)) — (p*{g){I) and 



y — Lp[g{a)) = ip*{g){a). Since A is obviously in the image of (^9, so will Lp*{g){A) 
be (that is, the whole flat containing x and y is in the image of the embedding). 
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Since a geodesic 7 between x and y lies in any flat containing them, we conclude 
that7C(p*(5)(A)c^(Xc). 

We are now reduced to find an embedding of Xc in Xn containing x, y and z. 



but we get this one because of Proposition 1.8, and combining it with Lp we get the 



sought embedding. □ 

3. How WE ANSWER V. LAFFORGUE'S QUESTION. 



We will now see how Proposition 1.8 and 2.£ imply that Lemmas 3.5 and 3.7 of 
V. Lafforgue's paper |^ hold. To see how property (RD) can be deduced we refer 
to the next section. But before proceeding, here are some definitions and notations. 

Definition 3.1. Let G denote SL^{}i.) (for K = R, C, H) or -E6(-26) a-nd K denote 
SU^{K.) or -F4(_52), and Xk ~ G/K. Denote by A the diagonal matrices in Xk- 
The Cartan decomposition states then that G = K{A). Moreover, for any x,y G 
Xk, there exists g £ G so that x,y & g{A). For any t G R, x,y,z £ Xk, we say 
that (x, y) is of shape {t, 0) if there exists g € G such that 

/ e* 

5(x)=/, g(y) = e-*/^ 10 

\ 1 

and that {x, y, z) is an equilateral triangle of oriented size t (where t S R can be 
positive or negative) if there exists g € G such that 

/e*00\ /e*00 

ff(x)=/, 5(2/) = e-*/M 1 ,g(z) = e-2*/3 e* 

\ 1 / \ 1 

Let {X, d) be a metric space and (5 > 0. For any finite sequence of points 
xi . . . , Xn e X we say that xi . . . x„ is a S-path if 

d{xi,X2) H \-d{Xn~i,Xn) < d{xi,Xn) + 6 

and that three points x,y, z € X form 6-retractable triple if there exists t (z X such 
that the paths xty, ytz and ztx are (5-paths. 

Lemma 3.2. Let K = H or O. For any (5o > there exists a 5 > Q such that the 
following is true: 

1) For any x,y,z G X^ there exists x',y',z' an equilateral triangle in X^ such 
that the paths xx'y'y, yy'z'z, zz'x'x are S-paths. 

2) For any s, i G R of same sign and x, v,w,y G Xk such that d{v, w) < Sq, {v, z) 
is of shape (i, 0) and {w,y) is of shape (s,0), the triangle z,v,y is S -retractable. 



Proof. 1) Because of Proposition L8 and |2.9| , there is an isometric copy of Xc in 
Xji containing x,y,z. Thus, because of Lemma 3.6 in ^J there exists 6 > and 
x' , y' , z' an equilateral triangle in Xc such that the paths xx'y'y, yy'z'z and zz'x'x 
are J-paths. Since the embedding is totally geodesic, the triangle x',y',z' will be 
equilateral in Xk as well. 

2) Without loss of generality, we can assume that w = I and that y is diagonal, 
so that z, V e h{A) for an /i € G such that d{h{I),I) < Sq. Because of Proposition 



|1.8| and 2^ there is a totally geodesic embedding if : Xc —^ Xic containing h{I), w 
and y. But since Tp comes from an embedding ip : SL^^C) —* G we have that: 

h{l)^lp(h)=^{h'il))=^ih')il) 

(for an h E Xc and h' E SL3{C)) so that the whole h{A) is contained in the image 
of Tp in Xk and we thus can see x,v,w and y in Xc- Using Lemma 3.7 in g, the 
triangle z, v, y is (S-retractable in Xc, and since the embedding is totally geodesic, 
it will be (5-retractable in Xk as well. D 
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4. How TO ESTABLISH PROPERTY (RD) 

We start by recalling some definitions that can be found in |^. 

Definition 4.1. Let (5 > 0. A discrete metric space {X,d) satisfies property (Hs) 
if for there exists a polynomial Ps such that for any r G R_|_, x,y Cz X one has 

jj{t G X such that d{x, t) < r, and xty is a. S — path} < Psir). 

We say that (X, d) satisfies property (H) if it satisfies (Hs) for any (5 > 0. For any 
r G R+, and x G X let B(x, r) C X denote the open ball of radius r centered in x. 
A subset y C A" is a uniform net in X if there exists two constants ry and Ry in 
R+ such that 

B{y, ry)nY = {y} for any y GY 

B{x, Ry) n r 7^ for any xeX 

Remark 4.2. In other words, property (H) gives a polynomial bound for geodesies 
between two points. V. Lafforgue, in |^ proved that any uniform net in a semi- 
simple Lie group has property (H), provided that the distance takes into account 
every root. 

Definition 4.3. Let (X,d) be a metric space and F be a discrete group acting by 
isometrics on X. The pair (AT, F) satisfy property (K) if there exists 5 > 0, fc G N 
and F-invariant subsets 7i, . . . ,7^ of X^ such that: 

{Ka) There exists C G R+ such that for any {x,y,z) G A'^, there exists i G 
{1, . . . , fc} and (a, (3,^) ETi such that 

max{d(Q;, /?), d(/3, 7), ^(7, a)} < Cmin{d(a;, y), d{y, z), d{z, x)} + S 

and xa(3y, y(3"fz, z^ax are (5-paths. 

{Kb) For any i G {1, . . . , fc} and a, (3, 7, 7' G A, if (a, /?, 7) G 7^ and (a, /3, 7') G % 
then the triangles 0:77' and (3^^' are iJ-retractable. 

Theorem 4.4 (V. Lafforgue Q). Let X he a discrete metric space, and let F he 
a group acting freely and isometrically on X. If the pair (A, F) satisfies (H) and 
{K), then F satisfies property (RD). 

From now on, /C will denote a finite product of metric spaces as described in the 
introduction. The two following lemmas will show why any uniform net in /C has 
property {H). 

Lemma 4.5. Let X he a uniform net in a geodesic metric space {Ti.,d). If X 
satisfies property (H), then so will any other uniform net Y inTi. 

Proof. Take x,y € Ti. and set, for any S > 0, 

Tfg,.\(x, y) = {t Cz TL\xty is a (5 — path, d{x, t) < r}. 

Because of property (H) we can cover T(^s,r){x,y) with Pe{r) balls of radius Rx 
centered at each point of T(^r)(2;,y) H A, where P^ denotes the polynomial asso- 
ciated to the constant e — 2Rx -I- i5 in the definition of property (H) . Now, take 
z G Y so that xzy is a (5-path. Since in particular z £ Ti, we can find t G A at a 
distance less than Rx, and thus z is in the ball of radius Rx centered at t. It is 
now obvious that xty is a 2Rx + ^-path. But in each ball of radius Rx there is a 
uniformly bounded number N of elements of Y, so that 

^{t G Y such that d{x, t) < r, and xty is a. S — path} 

< N'i{t G A such that d{x, t) < r, and xty is a {2Rx + 5) - path} 

< NP,{r) 
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and thus Y satisfies property {H), choosing Ps — NP^. D 

Lemma 4.6. Let {Hi, di) . . . (7i„, dn) be metric spaces whose uniform nets all have 
property (H). Endow Ti — TCi x • • • x 7i„ with the £^ combination of the distances 
di, then any uniform net in TL has property {H). 



Proof. Because of Lemma 4.5, it is enough to show that one particular uniform net 
has property {H). To do that, let Xi C Tii . . . X„ C Tin be uniform nets and look 
at X = Xi X • • • X Xm which is a uniform net in Ti. Take x,y ^ X, 5,r > and 
t e T(5 j,')(a;, y). We write x,y,t in coordinates, that is to say x — (xi, . . . ,Xn),y = 
(2/1, ■ • ■ , yn) and t = (ii, . . . , t„), where Xt,yi, ti e Xi for any i = 1, . . . , n. On 
each factor Xi, Xitiyi will be a (5-path as well, and since we are considering the i^ 
combination of norms, di{xi,ti) < r. On each Xi there is by assumption at most 
Ps,i (f) of those points ti and thus on X we have at most 

n 

Ps{r)^l[PsAr) 

i=l 

t's at distance to x less than r and such that xty is a S-paih. Obviously Ps is 
again a polynomial (of degree the sum of the degrees of the Ps.i^s) and thus X has 
property {H). D 

It is an easy observation that any uniform net in a Gromov hyperbolic space has 
property (H), and thus, since any of the metric spaces forming /C have property 
(H), we deduce that /C has property (H) as well. Let us now see what happens to 
property (K). 

Definition 4.7. A triple x,y, z d JC forms an equilateral triangle if when we write 
in coordinates x = (xi, . . . , Xn), y — (j/i, • . • , yn) and z — (zi, . . . , z„), the triples 
Xi,yi,Zi e Xi form 

• an equilateral triangle in the sense given in Definition \i.l\ if Xi is an Xk. 

• an equilateral triangle in the sense given in llQ] if Xi is an A2-type building. 

• a single point (i.e. Xi = yi = Zi) if Xi is a hyperbolic space. 

Since we endowed /C with the (.^ combinations of of the norms on the A^'s it is obvi- 
ous that in particular an equilateral triangle will satisfy d{x, y) — d{y, z) — d(z, x). 
Concerning the orientation, remember that in Definition pj we had two possible 
orientations for a triangle, positive or negative. In /C we will have much more pos- 
sible orientations since the orientation of a triangle will depend on its orientation 
in each non hyperbolic coordinate (in hyperbolic coordinates, the projection is just 
a point and thus has only one possible orientation). Suppose that among the A^'s 
forming /C, m of them are not Gromov hyperbolic (for < m < n), and set 

/ = {(ai, . . . , a™)|ai G {+, -}}, 

we then say that an equilateral triangle x, y, z has orientation j e / if in the non 
hyperbolic components Xi the triangle Xi,yi,Zi has the orientation given by ai for 
i = 1, . . .TO. 

Lemma 4.8. For any Jq > there exists a d > such that the following is true: 

1) For any x,y,z & K. there exists x' , y' , z' an equilateral triangle in K, such that 
the paths xx'y'y, yy' z'z and zz'x'x are d-paths. 

2) For any two equilateral triangles x,y,z and a,b,c in /C of same orientation 
and such that d{x,a), d{y,b) are both less than 5q, the triangles x,z,c and y,z,c 
are d-retractable. 
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Proof. 1) For any i — 1, . . . ,n it exists an equilateral triangle x[,y'^, z[ in Xi such 
that the paths Xix'^y'^i/i, yiy[z[zi and ZiZ^x'^^Xi are ^^-paths. Indeed, this is because 



of Lemma 3.6 in |g[ and Lemma 3.2 in case Xi is X^ for K = R, C, H or O, 

because of Section 3 in |10(| in case Xi is an A2-type building and trivially in case 
Xi is a hyperbolic space. Now, setting x' — {x[, . . . ,x'n),y' — {y[, . . . ^y'^) and 
z' = {z[^ . . . , z'^) we see that by construction the triangle x' ,y' , z' is equilateral and 
that the path xx'y'y is a d-paths for any d > X]r=i ^i since 

n 

d{x,x') + d{x',y') + d{y',y) = ^d,{xi,x'i) + d,{xi,yi} + di{yl,y,) 

i=\ 

n 

< y^((j,(xi, y-t) + 6i) < d{x, y) +d 

and similarly for the paths yy' z' z and zz'x' x. 

2) Here we have to find a d > and u, v vn K, such that the paths xuz^ zuc and 
cux as well as the paths yvz^ zvc and cvy are d-paths. But for any i = 1, . . . , n, the 
triangles Xi,yi, Zi and ai,bi, Ci are equilateral triangles and thus because of Lemma 



3.7 in |g[ and Lemma 3_^ in case Xi is Xk for K = R, C, H or O, trivially in case 
Xi is an A2-type building or a hyperbolic space, the triangles Xi, Zi, Ci and yi, Zi, Ci 
are (5i-retractable, that is there exists i5i > and points Ui and Vi so that the paths 
XiUiZi, ZiUiCi and CiUiXi as well as the paths yiViZi, ZiViCi and CiViyi are Si-paths. 
Now the points u = (ui, . . . ,u„) and v = (ui, . . . ,i;„) are the sought points on 
which the triangles x, z, c and y, z, c retract, for d > X)i=i ^i- Indeed, let us check 
that for the path xuz: 

n 

d{x,u) + d{u,z) = y^^{di{xi,Ui) + d{ui,Zi)) 

2 = 1 

n 

- ^^{di{xi,Zi) + Si) < d{x,z) + d. 
1=1 
and similarly for the paths zuc and cux as well as the paths yvz, zvc and cvy. D 

The following lemma is the analogue of a part of Theorem 3.3 in M. 

Lemma 4.9. Let T be a discrete cocompact subgroup of the isometry group of IC, 
and Z d JC be a T -invariant uniform net. Let X be a free T-space and 9 : X ^ Z 
be a T-equivariant map. Endow X with the distance 

f,*(j\( \ _ \ ifx^y 

[a)[x,y)-<^ l + d(0(a;),%)) zf x ^ y 

where d is the induced distance of IC on Z . Then the pair (^, F) satisfies property 
{K). 



Proof. Take S > ARz + d (for d as in Lemma 4.8). We first have to define the 
F-invariant subsets of X^. Let us consider / as explained in Definition 4.7, that is, 
7 is a set of indices running along the possible orientations of equilateral triangles 
in JC. For any i € /, we define 

Ti = {{a, P, j) £ Z^ I it exists (a, b, c) £ KJ^ equilateral triangle 

with d(a, a) < Rz, d{[3, b) < Rz, d{j, c) < Rz} 

In other words, T/ is the set of triples of Z which are not too far from an equilateral 
triangle, and since F acts on JC by isometrics, the sets T/ are F-invariant. We then 
set, for any i & I: 

t, = 9-\t:). 
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Since 9 is F-equi variant, % is F-invariant for any i Cz I. Let us explain why then 
{X,r) satisfy property (K). Because of the distance defined on X, it is enough to 
prove (Ka) and (Ki,) for Z and the sets T/ . 

{Kg) : 

Take (x, y, z) e Z^, we have to show that there exists (a, f3, 7) in some % so t hat 



the triple (x,y,z) retracts on (a,/3, 7). But because of part a) of Lemma |4.8| , we 
know that there exists (x' , y' , z') e K^ , forming an equilateral triangle and so that 
the triple cc, y, z retracts on x', ?/', z' . Now Z being a uniform net in /C, there exists 
a,P,j three points of Z with d{a,x') < Rz, d{f],y') < Rz and d{-f,z') < Rz, so 
that the triple (a, (3, 7) belongs to T/ for some i E I. We compute: 

d{x, a) + d{a, (3) + d{(5, y) 

< d{x, x') + d[x' , a) + d{a, x') + d{x' , y') + d{y' (i) + d(/3, y') + d[y\ y) 

< d{x, x') + d{x', y') + d(y', y) + ARz < d{x, y)+d + ARz < S 
and similarly for the paths y(3"fz and zjax. 

Take i G I and four points in Z defining two triples in 7^', say (a,/9, 7) and 
(a, /?, 7'). We have to prove that both triangles a, 7, 7' and (3, 7, 7' are ^-retractable. 
By definition of T/ we can find two equilateral triangles a, b, c and x, y, z such that 

rf(a, a) < Rz, d{f3, h) < Rz,d{j', c) < Rz 

and 

d{a, x) < Rz, d{l3, y) < Rz, d{j, z) < Rz 
so that obviously d{a, x) < 2Rz and d{b, y) < 2Rz and thus applying part b) of 



Lemma 4.8 we have the existence of a d > 0, and two points u and u in /C so that the 
paths xuz, zuc and cux as well as the paths yvz, zvc and cvy are d-paths. Again, 
Z being a uniform net in /C, we can find u' and v' in Z at respective distances less 
than Rz to u and v. We claim that the paths au'-f, ju'-f' and •j'u'a as well as the 
paths /3w'7, jv'j' and j'v'P are (5-paths: 

d{a,u') + d{u' ,j) 

< d{a, x) + d{x, u) + d{u, u') + d{u' , u) + d{u, z) + d{z, 7) 

< ARz + d{x,u) + d{u,z) <d{x,z) + d + 4,Rz 

< d{x,a) +d{a,j) + d{j,z) + d + ARz 

< d{a,"f) + {d + 6Rz)<d{a,j) + 6 

and similarly for the other paths. D 

Now, if under the assumptions of this lemma we furthermore assume that ji0~^(z) < 



TV (i. e. 9 has uniformly bounded fibers) we use Remark 4.2 and Lemma 4.5 to 
deduce that X has property (iJ). We now can apply Theorem 4.4, as follows: Z 
is a F-invariant uniform net in /C and let Z = Yij^j^Xj its partition in F-orbits. 
Then with X = Uj^jF and 9 the obvious orbit map and with {Ti}i^i as defined 
in the previous lemma we get: 

Theorem 4.10. Let T be a discrete group acting by isometries on /C and with uni- 
formly bounded stabilizers on some T -invariant uniform net. Then F has property 
(RD). 

U 
If F is a cocompact lattice of isometries on /C, it is enough to take Z — Txq and 
X = F, so F has property (RD). 
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Remark 4.11. If one is only interested in cocompact lattices in the isometry group 
of a product of hyperbolic spaces the proof of property (RD) then becomes much 
simpler. Indeed, denote by 7i a finite product of hyperbolic spaces, F a cocompact 
lattice in its isometry group and X = Txq for some xq G Ti. We showed that X 
has property (iJ), so it remains to show that any triple of points is ^-retractable, 
but this is a special case of Lemma Eq part 1). We can conclude using Proposition 
2.3of§. 

Notice that for this work we have established property (RD) for F a cocompact 
lattice of isometries on /C, endowed with the ^^ combination of the distances, and 
this implies Theorem p?^ since Iso(A:'i) x • • • x Iso(AVt) C Iso(/C, (}). The arguments 
used for the proof fail for other combinations of the distances. 
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